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INntroduction

#* Quantum (an)holonomy:
- quantum resource for system control
- adiabatic & cyclic variation of parameters

* Berry (nondegenerate) & Wilczek-Zee (degerate)
#* \We point out existence of their exotic sister

* Key role of Berry-Mead gauge connection




Conventional Theory

* Parametric system H(a) with no degeneracy
H(a) [¥n(a)) = En(a) [V, (a))

Q a =[0, 27) : 27- periodic

* C:a=0—-27: adiabatic cyclic variation o

W,) — B(C) |¥,) e~  dtBn(ad) ¥, = ¥, (0)

Berry phase A, (o) : Abelian Berry = Mead connection
/Y

B(C) = &' fc da(¥n(a)lida|¥n(a))




Full Theory

* C:a =0—27 : adiabatic cyclic variation «
\I’n) —_— I‘I(C) I\II"> e—'ifth,.(u()

B Z l\I’m) A'Im.n(C)e-if dtEy, (o)

.ﬂl‘l”,l'

* M(C)=W(C)B(C) - permutation with " 77" _
Bm,n(c) o -Zeif(? daAD(Q)] phase -

m.n

IVm'n(C) E -Tc—ifc dnA(n)jl

m n(a) (‘I’m( l la |‘I’,,(Q)) Am "((l') =Am_.n (a)6m.n




Gauge Invariance

* Gauge transformation |, (a)) — €97 |W,.(a))

A"l." —— Alll.ﬂ.ei(g".(a)-g"(a)) . 6"!."9" (a)

n"'m.n e ""',rta.vle—"s"‘ ngn(a) Bm.n — Bm."clﬁ...,..g..(n)
1Un) Myn (¥n| — €'9 |¥,,) M, (W] 79" Invariant

#* For Berry phase, we can choose Wi, = dmn
A"Im,n(c) — :]_-ei fC dO.A,D"'"'(") i 6m.n
#* With parallel transport gauge A%,,=0

M,, .(C) = [’]’ et §c da A(a)] : new expression!

m.n




Nondiagonal Holonomy

* Holonomy M not necessarily diagonal
- For two state system, for example,

* Mpma=mol +m3os : Berry phase
* My n = myoy +mao2 : To another eigenstate!

Eha by

* Spiral holonomy

- 1D system with point interaction

(Cheon 1998) , 5> &

- periodically kicked spin 1/2 o\ e
(Tanaka & Miyamoto 2007) v % .
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Outline of Proof

# Solve the parametric time evolution

(H(a,) z;f) W(t)) =0

* Formal solution |w(t)) = U(t) |[¥(0))
U(t) = Y Ivn(a)) [ Ze~ o #F@0] (v, (ag)l

n.m

n.m

{|v, ()} } : arbitrary basis

* Fujikawa matrix
Finn(a) = (vn(a)| {H(a) — @id, | [va(a))




Outline of Proof (cont’d)

* With identity

I-vm((yt)) — Z lvl(ao)) [Ze-i f:‘; duA(u)]
* we have ’
U(t) = Z vn(ap)) [W(ar. ag)D(ar, ag)l,, {vm(ao)
with n.m

“"m,"(ﬂtsno) — [Te-i f:n' daA(a)]

l.m

m.n

Y 3 ‘
Dm.n(at,, 00) — [ZC-' Jy dtF (ﬂt)]

m.n




Outline of Proof (compi

#* |f diagonal elements dominate in Fmn
Fn(@) = (tm(a)| {H(a) — &id, } [vn(a))
X O (Up(a)| { H(a) — @id, } v, (a))

* with v,.(a) = ¥,,(a), and assuming adiabaticity,

Dm.n(ats O’O)
~ é‘m , Y [e—i fo' dt (v, ()| H(a)|v, (0))ci f:(: da(uvy, (o)id, l'n(O))]
~ : l(—

— 6:7&.!:7-(3‘ f:‘: d"A"'"(")C_iff: dtl, (o) — B —i‘f‘; dtE, (a)

' m.n€




Comments

#* Valid whenever Fn,» IS approximated (or is)
diagonal

- Vn(a): Instantaneous basis with
adiabatic variation — Berry

- a=t, va(t) exact solution
of the problem — Aharonov-Anandan

* After diagonal approx,

U(N) gauge symmetry — “diagonal” invariance
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Degenerate Case

* C: a =0—27 : adiabatic cyclic variation «;
U, — M(C) | W) et dtEnla)

= Z Wini) A'Im-i.,nj(C)e—i J dtE, (a:)

* M(C)=W(C)B(C) : block permutation
Bmi,nj(c) = [Z(?": fe d"AD(“):I

me,nj

‘,‘/ﬂl'i,nj(C) — [I-)e—i f(,' d”A(")]

ma,mnj

Arl;)u',nj (0) == Ana.nj (Q')(Sm.n

"



Kicked Spin 1/2

* Time-periodic two- Ievel system
1

H=To3+ AV Mt —n— =
SR S
with 5 2 3 by sin vy cos &
V=5=+ b,o; by 2 =4 sinysiné
2 2 Z ba C(;S";

* parameter space

{A7,€}=8" x8§°
* one-step evolution

U\/ —c —21:036,—1)\V —-*37;03
* quasi-eigen eq. R

UV I\I’n> - e—ze,,F |‘I’">




Full Solution (J=1/2)

# Quasiner Py n
W e, = e (=)"Ez-p, 7

#* Quasieigenstate
e~ 7 cos i —e~ 7 sin q
Wo) = i . )= ig
€2 Sing €2 COSq

B Q?—,-:-BA,‘)-.T

* with E, . r = arccos(cos AcosT — sin Asin T cos )

0 1 : sin A sin 7y
AT = = arctan - -
L 2 cos AsinT — sin Acos T cos~y




Gauge Field (J=1/2)

#* With the representation |®,) = (1) B,) = (1’
gauge connections are e .
1
A* = 5(23 cosy — X sinvy)

AY = 0,Qz2:p ) 4 722
A/\ = az\Qg:_B,\J’TE2

>

* diagonal path-ordered integral of A
B(Cﬁ) 5 eiwcos'yxs B(C"‘Y) -1 B(C'\) =]

14

—



Holonomy (J=1/2)

* Path-ordered integral of full A
W(C*) = cosm — i(X3cosy — £y siny) sinm
"V(Cv) = COS QP’}!“.‘ZN.T = iZg Sianz-znu O T
‘V(CA) = CO5 Q(ZZ-—p)rr.'y.T 7 122 sin (2(2—}))77,')',7"

#* Holonomy

MONOPOLE (FOR T=0)
. e i
I‘[(CE) £ e_gﬂ(l—z;g COS'Y) A/[(C'Y) — —l
M(Cy) = cos (2 S Pis 1225 SIn G L
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Spiral Holonomy (J=1/2)

* Periodicity of Q

B
Qrixn T = QA1+ =

and of =

2

en(A+27) = enip(N)
* Level shift with cyclic

parameter variation

An(C¢) = An(C5) =0

An(Cy) = p

states alternate with odd p

P=1
V=7/8
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Kicked Spin 3/2

* Pairwise doubly degengrate 4 levels

H=T14+ AV Z ot —n — %2-)
: n=-—oo
with 5 by sty cos 1y cos €
V = P ¥ “Ea ZD‘T‘ b siny cosysiné
2 2 A b = sin 4 sin n cos ¢
#* 3/2 spin matrices b sin v sin gy sin ¢
Tt ( 0 502) s ( 0 —:'a,) bs Cas %y
= \=tog. 0) % \ioy O

e T ¥ 0 -id;; U / 0
I=\r 20 £ s (PPOST Y PR L Bt U SRS

* parameter space |
4 S i) = S 51

1



Full Solution (J=3/2)

. P
* Quasienergy &,; = 5/\ +(=)"Ezopy 7
= b
# Quasieigenstates ="
e " cosg 0 4=Qasp) .7
() e+ cos ¢
! — —_ :
Woo)= e "~sinysing Wor)= ~¢ - cosnsing
e~ cosnsing e~ sinysing
e~ "+ sinysing —¢ " cospsin g
it : T :
_| €% cospysing | —e“tsinysing
Iq‘l‘)>— 6-30-("08(1 I‘l’ll)- ()

() e~ cos q
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Holonomy All Star

* “Yang-Mills instanton” for S* sector

#* Mixture of Wilczek-Zee and
spiral holonomies for s’ sector

R 0 —isinnf +cosniy
A —()/\Q-z—,}ll/\.ﬁ.'r[jsiu nd 4-cos iz 0 J

®* M(Cy) = (:os(2 —21))71’

raak2=plmaf e e 0T = 05 25 |
4 8IN~—o buu;-“ 0 -+(-057) B O
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Summary

* Fully gauge invariant formulation of quantum
holonomy

#* All known quantum holonomies under its fold
* Potentially useful spiral holonomy legitimized

* |llustrative examples including 4 level-system
displaying all holonomies mixed together
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Appendix |: H(t+T)=H(t)

#* “Time-domain Bloch” theorem

10 () = H(t) W(t) — i3 W(t+T) = H(t) U(t+T)
quasi-eigenstates Y(t+1) ox Y(t) exist

#* Period evolution U(T) = Texp{ -i ['dt H(t) }
U(T) ‘I’n(t) — exp{ | Enl } \I’n(t)

* quasi-eigenvalue E, ; [0, 2=/T] periodic

* Hamiltonian system obtainedas T — 0O




Appendix II: S'-space

2

— L’I-:O'a(,—‘iAv()— 1-1:673

* Evolution operator Uy (A) = e 2
iIs A\-peridic U/\+27)= UAN), if

- 1/
e 2wt =1

# V=by+bo (0-0=1)

—27ribo (

e cos 2mh, + io sin 27wh,) = 1

— bo=n/2, by=1—n/2




—— e— et}

Appendix llI: Diabolical?

* Johanssen-Sjoqvist theorem

if holonomy on dS — E(o) : degeneracy on S
— Al : singularity on S

* Diabolical point for Berry phase

on 2-parameter space S¢ etc. QS

* What about Spiral Holonomy |
- found for parameter space S' only
- hint: complex parameter space singularity?
--- Exceptional Point
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Exceptional Point

* Ex. ; J=1/2 kicked spin, T=7/2
* Square root singularity for Ree

A
£nlA) = 5 T (=1)" arccos (— sin % (:()5‘))

#* Simple pole for Ax(\)

sin ~

Ax(A) = o .
M) 'l((‘.os?} — 15N %sitm)(cos% + isin%silm) $ '
| |
le AL = *2arctan — residue ¢ = F—
PO 0% i sin 4 i 4i
. AN . _ '
AI(C',\) g Te-l O (b\/\,\ o el%d: e _,‘;02 -

LONN BT De0OC e Dt
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