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Introduction

Vi
Quantum (an)holonomy: | B
- quantum resource for / 3
system control = e
- adiabatic & cyclic "
variation of parameters S s

In adittion to Berry & Wilczek-Zee holonomy,
we point out existence of their exotic sister

Key role of Berry-Mead gauge connection

Unifyied formulation of quantum holonomies



Conventional Theory

*  Parametric system H(a) with no degeneracy
H(a) |¥,(a)) = Ex(a) [V, (a))
Q a =[o, 2m) : 27 periodic
* C:a=o—2rm: a(li;ll;atic cyclic variation oy
W,) — B(C) |W,) e~ H#Enlad) v, =, (0)

Bcrry philSL An lm Abelian Berry — Mead connection

(() = ‘.,lf da(WV,, (n)lt() W, (o))



Full Theory

*  C: a =027 : adiabatic cyclic variation o

W) — M(C) |W,,) e~ dtEn(an)
o Z l‘pm ‘1," " 'f‘“Ln(“e)

m r“ ' "
3 \ "‘D

* M(C)=W(C)B(C) - permutation with | 4
B,"."(C) = ’T‘_.if(_, dn.-\D(nf phasc

“/'m.u (C) — Ze ~i § daA(a)

Tn.n

Am.n(n)= (Wrn(")l id, |\l’"((l)), m. ,,(") A n(“)‘sm "
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Gauge Invariance

* Gauge transformation |y, (o)) — %) | ¥, (a))

Am.n — A"L"(,t(!)...(ﬂ)"9,.(0)) — ‘Sm.uyu(“)

“.m.n e “:u nt <1 n I () I}HI,II -— l;,"_“f“b'" ninla)

!‘p"l) "‘['"." (q"l‘:"_" "'ym |\pm> "‘[m.u {q’nl (‘“w" invafian(

* For Berry phase, we can choose W, = &
. g D >
A‘lm.n(C') — .7_'(" fc daAy, m(a) am.n
*  With parallel transport gauge A%, =0
M, .(C)= Z, et ¥ ""-“(")] : new expression!

mmn
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Nondiagonal Holonomy

Holonomy M not necessarily diagonal
- For two state system, for example,
*M,,» = mol + mgzoz : Berry phase

*M,, » = myoy + moaa : toanother eigenstate.

fa by

Spiral holonomy

- 1D system with point interaction |
(Cheon 1998) R <
- periodically kicked spin 1/2 N

(Tanaka & Mivamoto 2007)
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Outline of Proof

Solve the parametric time evolution

d
M\ag) =4 )'q'(') e () )
( | i (L)) = Ell mlo0)
Formal solution |\(¢)) = U(t) |¥(0)) R }:,:,,,,,(m)b-\”

U(t) = z w,(ay)) [Tc“'[ ‘“““‘)] z,,,(n:.)l

mn.mn
n.m

FU]lka\Vﬂ matrix {lvalog ) } @ arbitrary basis

Fonn(@) = (vm(a)| { H(a) = @104 } |vn(a@))



Outhne of Proof (cont'd)

*  With identity
It m(“l)) — Z l"(“‘-’) [ .-'I S -““)]l m

* we have A, o(a)= (v, ()] id,, |, (o))
U(t) = Z lenlan)) [Wiar, ao)D(ay, m.)]" Sdvm ()|
w‘th n.m
‘-‘»'.'"."(ﬂf' ('U) - .’Z; s f d(tr\fn ]

D"""((]‘h 0'0) = Z.‘f c) *dtF (o )]

m.n



Outline of Proof (complt)

* If diagonal elements dominate in F,,,
Fonnla) = (vm(a)| {H(a) = @ida } jvn(a))
= Omn (Unla)| {H(a) — @ida} [vnla))
* with, («) = ¥, (a) , and assuming adiabaticity;

Dm.n ((-‘h ﬂﬂ)

-~ O.". " 7 (AM’ jc: dt{v, o) | H{a)lv, (u))(}l f.":: doc{ vy, (o) [, vy, 10)
P d—

X "y d .,‘" - o ‘ - = ¢ >
= 5"3."16. !"l’l = ' “')‘,? L ];, d'Fvn“', — I}"‘."C ' fU J‘F"((')



Comments

Valid whenever Fo,,. is approximated (or is) diagonal

- w.la): instantaneous basis with
adiabatic variation — Berry

- (=L, VL) exact solution
of the problem — Aharonov-Anandan

After diagonal approx,

U(N) gauge symmetry — “diagonal” invariance
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*

Degenerate Case

C: a =027 : adiabatic cyclic variation o
|q’nj> — "‘I(C') I\I}"J.> e ! | dtE, (ay)
s z I‘p"tf> ."Im,""‘)((')(: -1 [ dtE, (o)

mai

M(C) = W(C)B(C) : block permutation
B"”-") ((‘) — -Z(,! | d(,.,"’((‘)"

Jdminj

“f'mi.uj(c‘) = Z,(-:-" o daA(a)

dman)

AD (0) — Am.ru(a)‘sm.n

s, n)



1-Periodic System H+7)=Hp)

* “Time-domain Bloch” theorem

10 W(t) = H(t) W(t) — i W(t+T) = H(t) Y(t+T)
quasi-eigenstates W(t+T) o P(t) exist

*  Period evolution U(T) = Texp{ -i [Tdt H(t) )
Um ‘Pn(t) = exp{ | Enl } ‘Pn(t)

*  gquasi-eigenvalue En ; [0, 27/T] periodic

* Hamiltonian system obtained as T — 0

Lh



Kicked Spin 1/2

Time-periodic two- lcvcl system

H =Toz+ \V Z (5!—1:——)

=00

\Vith P 9o 3 by sin g cos €
‘," _ - 4 > / Z b’.o" ’).t = sin 4 .\i"£
2 2 b_-‘ COs 5
1=

parameter space ‘ A
{\Y,€}=8" x §°

one-step evolution , -
Uy =e T o3 e=iAV o= 7o

quasi-eigen eq.

UV l‘l’,,) - € T |\l’">
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§' Parameter Space

* Evolution operator Uy (\) = e~ F o3~V o= Fos

is A-peridic UAN+27)= UAN), if

(,--2::5\’ = 1
* V=by+bo (c:oc=1)
e~ 2" (cos 27h, + io sin 2wh,) = 1

— bog=n/2, by=1—n/2

)



Full Solution (J=1/2)

: )
* Quasinergy . _ 1;)‘ =B

* Quasieigenstate

r“'i-icos —(‘—Li’iSill(
|‘p0) - ( £ q) "I’l> — ( i£ l)
€2 sing €27 Cosq

o Qg—.’,—”»\.'y.'l'
* with E\ . 7 = arccos (cos Acos T — sin Asin T cos +)

sin A sin -y
os Asinl’ — sin Acos T cosy

|
(JA.-,.T = —arctan
2 (

"



Gauge Field (J=1/2)

*  With the representation Do) = [ 1 ] 1D;) = [ 0 J
gauge connections are 0 !

B S
AS = 5(2,3 CcOS7y — 2 sinvy)
AT = (‘)ng'i“A.w.'l'x?
A'\ — (‘)A(JQ_-.B,\..\";'E’.’

* diagonal path-ordered integral of A
B(Cf) =™ B(C)=1 B(CY) =1

H



Holonomy (J=1/2)

* Path-ordered integral of full A
W(C%) = cosm — i(X3cosy — X sinqy)sinw

W(C7) =cosQ 2,

- i}_:g sin (Q'_'.'_-_;.:.\

1—-—— ox. T an,T

W(C?) = cos Qa—p)xy,1 — X250 Q(2-p)x 4.7

* Holonomy ,
‘ monopole (for T=0)

.“1( :'{) -— (.—-lﬂ'(l-}:;' cos v ) ‘.‘[((.'ﬁ) -— _1

O
£ > 2% — 1¥5 Sin 2 2p)7r

M(Cy) = cos

..
¢



Spiral Holonomy (J=1/2)

* Periodicity of Q open
"
Qrinr1T =01+ 9 L =
and of = F ey
EnlA+ 27) = Enip(A) . “ | e
* Level shift with cyclic 5 A »
parameter variation . &
An(C¢) = An(C,) =0 . ,.----"""_--_____ |
> 3l ,
A"(C ,\) =p .,___,—-'" S=n/8
o~ J
_ WA >

states alternate with odd p

1]



Kicked Spin 3/2

Pairwise doubly dcgcncratc 4 levels

H=Tr+\V ‘z df-n—;l;)

o~

with o IogE by SIS cospoos £
V = F Zb - b, sin Yy cosysmé
fs = SI0Y SN eos

sin v sinnpsin

s

3/2 spin matrices :'4
n=(os o) 2= 0)
() an(8 WG

parameter space O €.C} = St x §1
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Full Solution (]=3/2)

* uasienerey .
Q &) “ny

*  Quasieigenstates

-
¢ ”'('usq

U
l‘p(x'>: o L4 : -
t Sin o sing
' cosnpsing
—e "+ 5in gy sin
(W) 'Y cos psing
‘ !I))- -1

o .
¢ Cos g

0

|

) [ |
A+ (2)"Exze 7

I
g =
2
() N Qf-?z.\,q_r
W)
‘ e oS
|‘l’"‘ul: o 1 Cae l g
— COS 78I G
" ginysing
—e "+ cos 1) sin
. —e'%+sinysing
LITE
Y1) 0
' cosg

30



Holonomy All Star

* “Yang-Mills instanton” for $4 sector
* Mixture of Wilczek-Zee and
spiral holonomies for §* sector

0 ~isinnd +cos iy |
tsind 4 cos i, 0

Ar= Q) =k ) 4 J[

M(Cy) = cos

A (g ) GPERR  RE ENEETR I 1
¢SIn = sma| .p o |[FCOSH]

* (2—p)=n
2

B



Physical Origin: Diabolical?

* Johanssen-Sjoqvist theorem

if holonomy on dS — Ela) : degeneracy on S
~+ A(a) : singularity on S

* Diabolical point for Berry phase
on 2-parameter space S° etc. 2S

* What about Spiral Holonomy
- found for parameter space S' only
= hint: complex parameter space singularity?
—= Exceptional Point

3



Exceptional Point

* Ex.;J=1/2 kicked spin, T=7/2

* Square root singularity for Fec

gulA) = g + (= 1)" arccos ( — S gc‘m -.)

*  Simple pole for Ay(\)

s ) -
Ax(A) = A PN TR IR SAVES BTl
4(cos 5 ~ esin 3 siny){cos § 4 asin 5 siny )
po L SN . 1y

— ;‘. -' . .
J‘l((‘,\) = Te=tlo dAAy ' 291 o 10y
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Summary

Fully gauge invariant formulation of quantum
holonomy

All known quantum holonomies under its fold
Potentially useful spiral holonomy legitimized

[Hlustrative examples including 4 level-system
displaying all holonomies mixed together
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