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Introduction

# Quantum (anjholonomy:
- quantum resource for system control
- adiabatic & cyclic variation of parameters

# Berry (nondegenerate) & Wilczek-Zee (degerate)
# We point out existence of their exotic sister

# Key role of Berry-Mead gauge connection




Conventional Theory

# Parametric system H{a) with no degeneracy
H{ﬂ'] |'.Ir1"-!- ['&:}} = Eﬁ[&'} |'Irn(ﬂj}

Q o =[0, 27) : 27 periodic

# C:. o =027 : adiabatic cyclic variation «:
B0} — B(C) [Wn) et dEn(a) @, = v,(0)
Berr:y" phas.e Annfa) @ Abelian Berry — Mead connection

&
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Full Theory
# C: o =027 : adiabatic cyclic variation
[T, — M(C) |8, et #Enlay)
= Z W) M (C)e 1 dtEnfas)

gt | 1]
* M(C) = W(C)B(C) - permutation with ﬁ*-'ﬁf! g
Bm,ﬁ-[i?] = TE::fG dﬂ"qﬂ{ﬂ:‘ phase -
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Gauge Invariance

# Gauge transformation [T, (a)) — e @} T, (a))
Anpn — Am ﬂ.Eﬂ:gm (@)=gala)} _ 'ﬁm ngn[ﬂ'}
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# For Berry phase, we can choose Wi = dwir
My n(C) = Tt fododnm(@ .5,
# With parallel transport gauge A%..=0
Mol C) = [ze_—i‘-d‘c dox A Uﬂ] : new expression!
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Nondiagonal Holonomy

# Holonomy M not necessarily diagonal
- For two state system, for example,
* Mpyn=mol +macs : Berry phase

M« = myo) + Moz : To another eigenstate!

# Spiral holonomy
- 1D system with point interaction 4
(Cheon 1998) . 0" .
- periodically kicked spin 1/2 T

‘!J w

(Tanaka & Miyamoto 2007)




Outline of

Proof

# Solve the parametric time evolution

(Htat) z ti) (D)) = 0
#* Formal solution | ®(t)) = U(t) | (D)}
U{ﬂ =3 Z |r'[’ﬂ{ff-t}} [ZE_E- fo th{ai}}nm{T-’m(‘lDH

# Fujikawa matrix

[|on{o: )} » arbitrary basis

Fnnfe) = (vgie)| {H{a) —did, }lvgla))




Outline of Proof (conta)

#* With identity
[vm(ee)) = ) (o)) [Zg—ff;“; d&ﬂ{aa]
#* we have f
Uit) = }:: v (o)) [W {ﬂ]":uﬂ'ﬂ]ﬂ{f]ﬁt’ﬂ!ﬂ:}]ﬂrm{ﬂ”l{:ﬁﬂ)|
e
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Outline of Proof (compi

# |f diagonal elements dominate in Fm,»
Finnl(a) = (vmla)| {H(a) — &ida} [un(a))
~ O {Un(a)| {H(er) — @04} [un(a))
# with v,(a) = ¥,.(a), and assuming adiabaticity,
Dy (002, 00)
[ o= I dt{vn @ H(@)|val)} 8 [27 dodvn 0)|iavn )
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Comments

# Valid whenever Fn,» is approximated (or is)
diagonal

- Vnlo): instantaneous basis with
adiabatic variation — Berry

- a=t, va(t) exact solution
of the problem — Aharonov-Anandan

# After diagonal approx,

U(N) gauge symmetry — “diagonal” invariance
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Degenerate Case

# C: o =0-27: adiabatic cyclic variation c:
ﬂ-'f p}|m11?> —i-fr.'ﬁE (o)

= Z |1I"m_£ ﬂi{mi,nj{{j}f?_i-rthn{ﬂt}

W) —

* M(C)=W(C)B(C) :
-TE-"" Fe doAl (a)]

4 e, g

Bm’t',n,j (G}I -

Wining(C) =

i

TF" § dr_‘r*ifaj

dmi ﬂ.j

A‘?’I’H Ry r:":l
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ni J] (ajﬁmin
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Kicked Spin 1/2

#* Time-periodic two-level system

s
. i}
H=Tos+ AV 3 S(t—n—73)
with p 2-p n3=—m b 1 gin<ycosk
P ot e E b.: by = gin ysin g
2 2 = = by ] CLe Y :

#* parameter space

{MyEl =8 x 5
# one-step evolution

IrJrF =t E—%aaﬁ—ihvﬁl— %ﬂ'g
# quasi-eigen eq.

Uy |'I-Fn> = el |1'I-rn}




ELHESoIUHoRI=1 /2]

* Quasinergy . _ g,h + ()" Ezzpy 7

# Quasieigenstate

e % COS g —e‘% sin g
(Vo) = T W) =] T
ez sing €72 COSq

2 QE—EEA,T,T

# with E, .1 = arccos(cos AcosT — sin Asin T cosy)

; 3 : "y

o : sin A sin «y
Ay T — & alclan ( % T ]
e T cosAsinT — sin Acos T cosy




Gauge Field (J=1/2)

# With the representation |3} = [ : ]|@1} 3 [ : ]
gauge connections are

1
A% = (Egcosy — Xy sin )

Al = STQ%EM‘T ¥
A" =03Qusy 752
# diagonal path-ordered integral of A
B(Cf) =¢'m*¥8s  B(C) =1 B(CM=1
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Holonomy (J=1/2)

# Path-ordered integral of full A
W) = cosm —i(Tacosy — Eysiny)sina
WI{CY) = cos Q) @_p» L 129 8in &) Epl 5 p
H"(G’"‘} = ¢08 Q(a_pyr 4T — t2 8N Gra_pyr 4T

# Holonomy MONOPOLE (FORT=0)

e o
M(C;) = e *mti-2scesnl  M(C,) = —1
= — ¥
M{Cy) = cos ﬂ — i¥.g 8in ar

2

— —
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Spiral Holonomy (J=1/2)

# Periodicity of Q
fr.r.:?l o By Q.:".,’:r,T + :_;

and of =
En(A 1+ 27) = £ 4p(A)

#* Level shift with cyclic

parameter variation
An(Ce) = An(C,) =0
anithsi=n

states alternate with odd p

E




Kicked Spin 3/2

# Pairwise doubly degenerate 4 levels
= 1
H=Trs+AV > &(t-n-—

9
. L= — 00

with e 5 by Sin-y COS8 1) Cos8 £

V = - o £ ?E’m by sin = cos nein £

1 2 O by ;=4 sinysingcosd

# 3/2 spin matrices by sin sin fsing

- ( Hrg l] —14.7'1+ bs MR
L i I] |I = m.rj 0

‘0 I 0 —iog =
HE I:.‘I ﬂ} s l:hI'CIg 0 } B (u —{,J

# pﬂrﬂmE‘tﬁ‘r space x :
{‘J"! RERY ‘S?g} = S
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ELHESoIUHoRI=32

# Quasienergy £n; = 2;\. H = Baey 1

2

£ et
# Quasieigenstates + 9
e~ +cosq S T e
0 : Em‘fccﬁq
= e ; = ; J
oo, e~ *-sin nsing o —e_‘“ﬂ-mﬁ 180 ¢
£¥-cosnsing £¥-sin 1y sin g
_e~%+gin nsin g —e~ " cosnsin g
e+ cos 1 8in ¢ — e+ gin 1 sin ¢
|¥10)= ek [¥11)= 0

0 X e coeg
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Holonomy All Star

# “Yang-Mills instanton” for S% sector
# Mixture of Wilczek-Zee and Z
spiral holonomies for ' sector

oo 0 —isinnl +cosnis
A —'ﬂ.HQi_TgEA17,T[iEinﬂI+|:EEI}EE 0 ]




Summary

# Fully gauge invariant formulation of quantum
holonomy

# All known gquantum holonomies under its fold
# Potentially useful spiral holonomy legitimized

# |llustrative examples including 4 level-system
displaying all holonomies mixed together
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Appendix I: H(t+T)=H(t)

# “Time-domain Bloch” theorem

| 9 W(t) = H{t)W(t) — | 9 W(t+T) = HIt) W{t+T)
quasi-eigenstates W(t+T) o< ¥(t) exist

# Period evolution U(T) = Texp{ -i ['dt H({{) }
Um q’nm = E.‘-'{D{ | EnT } ‘l’n[t}l

#® quasi-eigenvalue En ; [0, 2w/T] periodic

# Hamiltonian system obtainedas T — O




Appendix II: S'-space

i _lT T o _iT
# Evolution operator Uy (A} = e 295 4V e~ 7%

is A-peridic Uyh+2w)= UN), if
E—‘Ei'rﬂ ]
8 =t bo (i ="1]

cos 2mhy + tosin27b, = 1

—s bg=mn/2, b,=m/2

2d




Appendix |lI;

Diabolical?

# Sjoqvist-dohanssen theorem

if holonomy on dS — E(a) : degeneracy on S
— Alag © singularity on S

# Diabolical point for Berry phase

on 2-parameter space S° efc, QS

# What about Spiral Holonomy
- found for parameter space S' only
- hint; complex parameter space singularity?
--- Exceptional Point

2d




—xceptional Point

# Ex. ; J=1/2 kicked spin, T=n/2

# Singularity for SR
Tt o

A :
Ea{A) = = +{—1)" arccos {—sin A cos y)

# Simple pole for Ax(\)
gin oy
A () = : .
A 4{&05%—i91u%—5inﬂ(m&.7:-+t'sin::;-sinﬂr}ﬂ-‘
1 ik
o == 2 4 i = :I:—_
pole +== Mﬁmisinr;r residus L+ ¥

ﬂ‘f{‘l_'?;,} = ']'_E_E'-ﬂ.d'}"‘h = —ig9
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