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Introduction

Quantum (an)holonomy:
- quantum resource for system control
- adiabatic & cyclic variation of parameters

Berry (nondegenerate) & Wilczek-Zee (degerate)

We point out existence of their exotic sister

Key role of Berry-Mead gauge connection
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Conventional Theory

Parametric system H(! ) with no degeneracy

                                       ! =[0, 2" ) : 2" - periodic

 C: ! =0! 2" : adiabatic cyclic variation ! t 

 
Berry phase 

H (! ) |! n (! )! = En (! ) |! n (! )!

An,n (! ) : Abelian Berry ! Mead connection
=

! n = ! n (0)

0, 2"

3

B (C) = ei
H

C d! ! ! n (! )| i " ! |! n (! )"

|! n ! "# B(C) |! n ! e! i
R

dtE n ( ! t )



Full Theory

 C: ! =0! 2" : adiabatic cyclic variation ! t 

                                                            - permutation with
                                                                                      phase 
 

=
!

m

|Ψm ! Mm,n (C)e! i
R

dtE n ( ! t )

|! n 〉 −→ M (C) |! n 〉e! i
R

dtE n ( ! t )

M (C) = W (C)B (C)
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Wm,n (C) =
!

T!" e! i
H

C d! A ( ! )
"

m,n

Am,n (! )= ! ! m (! )| i " ! |! n (! )", AD
m,n (! )= Am,n (! )#m,n

Bm,n (C) =
!
T!" ei

H
C d! A D (! )

"

m,n



Two Comments

Gauge transformation

                                              gauge invariant

Spiral holonomy
- 1D system with point interaction 
                                       (Cheon 1998)

- periodically kicked spin 1/2 
                    (Tanaka&Miyamoto 2007)

Am,n !" Am,n ei (gm ( ! )−gn ( ! )) ! ! m,n gn (" )
Wm,n !" Wm,n e! i ! m,n gn ( " )

Bm,n −→ Bm,n ei ! m,n gn ( " )
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|! n (! )! "# eig n ( ! ) |! n (! )!

|! m ! M m,n "! n |
!" eig m |Ψm #M m,n $Ψn | e! ig n



Outline of Proof
Solve the parametric time evolution

Formal solution

Fujikawa matrix

!
H (! t ) ! i

d
dt

"
|! (t)" = 0

|! (t)! = U(t) |! (0)!

U (t) =
!

n,m

|vn (! t )!
"
T"# e−i

Rt
0 dtF ( ! t )

#

n,m
$vm (! 0)|

{|vn (! t )!} : arbitrary basis

Fm,n (! ) = !vm (! )| { H(! ) " !̇ i" ! } | vn (! )#
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Outline of Proof (contÕd)

With identity

we have

with

|vm (! t )! =
!

l

|vl (! 0)!
"

T"# e! i
Rαt

α0
d! A (! )

#

l,m

U(t) =
!

n,m

|vn (! 0)〉 [W (! t , ! 0)D (! t , ! 0)]n,m 〈vm (! 0)|
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Wm,n (αt ,α0) =
!

T!" e−i
R! t

! 0
d! A (! )

"

m,n

Dm,n(! t, ! 0) =
!

T!" e! i
Rt

0 dtF ( ! t )
"

m,n



Outline of Proof  (complt)
If diagonal elements dominate in Fm,n 

with identification                                   ,  and assuming 
adiabaticity, we have

Fm,n (! ) = !vm (! )| {H (! ) " ú! i " ! } |vn (! )#

! ! m,n "vn(" )| { H (" ) # ú" i#! } | vn(" )$

Dm,n(! t, ! 0)

vn (α) = ! n (α)

! ! m,n T"#

!
e! i

Rt
0 dt "vn (! ) |H (! ) |vn (! )#ei

Rαt
α0

d! "vn (! ) |i " αvn (! )#
"

= ! m,n T!" ei
R! t

! 0
d! A n,n ( ! ) e! i

Rt
0 dtE n ( ! ) = Bm,n e! i

Rt
0 dtE n ( ! )
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Comments

Valid whenever Fm,n is approximated (or is) diagonal

-  vn(#): instantaneous basis with 
   adiabatic variation  !   Berry
-  #=t, vn(t) exact solution 
   of the problem  !  Aharonov-Anandan

After diagonal approx, 

 U(N) gauge symmetry ! ÒdiagonalÓ invariance
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Extension to Degenerate Case

 C: ! =0! 2" : adiabatic cyclic variation ! t 

                                               :        block permutation
 
M (C) = W (C)B (C)

|! nj ! "# M (C) |! nj ! e! i
R

dtE n( ! t)

=
!

mi

|Ψmi! M mi,nj(C)e! i
R

dtEn ( ! t )

AD
mi,nj (! ) = Ani,nj (! )"m,n
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Bmi,nj (C) =
!

T!" ei
H

C d! A D ( ! )
"

mi,nj

Wmi,nj (C) =
!

T−→e! i
H

C dαA (α)
"

mi,nj



Example of Kicked Spin 1/2 

Time-periodic two-level system

with

parameter space

one-step evolution

quasi-eigen eq.

H = T! 3 + " V
!!

n = "!

#(t ! n !
1
2

)

V =
p
2

+
2− p

2

3!

i =1

bi ! i

b1

b2

b3

!
"

#
=

$
%

&

sin ! cos "
sin ! sin "

cos !

{ ! , " , #} = S1 ! S2

UV = e! iT
2 ! 3 e! " V e! iT

2 ! 3

UV |! n! = e! i! n |! n!
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Full Solution (J=1/2)

Quasinergy

Quasieigenstate

with

! n =
p
2

" + (! )n E 2! p
2 ! ," ,T

|! 0! =

(
e! i !

2 cosq
e

i !
2 sinq

)
|! 1! =

!
" e−

i !
2 sin q

e
i !
2 cos q

"

q = Q 2! p
2 ! ," ,T

Q! ," ,T =
1
2

arctan
!

sin ! sin"
cos! sinT ! sin ! cosT cos"

"
E! ," ,T = arccos (cos! cosT ! sin ! sinT cos" )
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Gauge Field (J=1/2)

With the representation
gauge connections obtained as

diagonal path-ordered integral of A

Aξ =
1
2

(! 3 cosγ ! ! 1 sinγ)

A! = ! ! Q 2! p
2 " ,! ,T ! 2

A! = ! ! Q 2! p
2 ! ," ,T ! 2

|! 0! =
!

1
0

"
|! 1! =

!
0
1

"

B (C! ) = ei " cos #! 3 B (C! ) = 1 B(C ! ) = 1
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Holonomy (J=1/2)

Path-ordered integral of full A

Holonomy 

M (C! ) = e! i " (1 ! ! 3 cos #) M (C! ) = ! 1

M (C! ) = cos
(2 ! p)!

2
! i ! 2 sin

(2 ! p)!
2

W (C! ) = cos ! ! i (! 3 cos" ! ! 1 sin" ) sin !

W (C! ) = cos Q (2 ! p ) !
2 ,2" ,T ! iΣ2 sinQ (2 ! p ) !

2 ,2" ,T

W (C! ) = cos Q(2! p)" ,#,T ! i ! 2 sin Q(2! p)" ,#,T
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monopole !for T=0"



Spiral Holonomy (J=1/2)

Periodicity of Q
 

and of # 
 

Level shift with cyclic
parameter variation

states alternate with odd p

εn (λ + 2π) = εn + p(λ)

Q! +" ,#,T = Q! ,#,T +
!
2

! n(C! ) = p

! n(C! ) = ! n(C" ) = 0

$="/ 4

$="/ 8
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p=1



Example of Kicked Spin 3/2

Pairwise doubly degenerate 4 levels

                  
with

3/2 spin matrices

 

parameter space

H = T! 5 + " V
!!

n = "!

#(t ! n !
1
2

)

V =
p

2
+

2 ! p

2

5!

i =1

bi τi
b1

b2

b3

b4

b5

!
""""#

""""$

=

%
""""&

""""'

sin ! cos" cos#
sin ! cos" sin#
sin ! sin" cos$
sin ! sin" sin$

cos!

{ ! , " , #, $, %} = S1 ! S4

! 1 =
!

0 i " 2

! i " 2 0

"
! 2 =

!
0 ! i " 1

i " 1 0

"

! 3 =
!

0 I
I 0

"
! 4 =

!
0 ! i " 3

i " 3 0

"
! 5 =

!
I 0
0 ! I

"
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Full Solution (J=3/2)

Quasienergy

Quasieigenstates

! nj =
p
2

" + ( ! )nE 2! p
2 ! ," ,T

|Ψ00〉=

!

"
"
#

e! i θ+ cosq
0

e! i θ! sin ! sinq
ei θ! cos! sinq

$

%
%
& |! 01!=

!

"
"
#

0
ei θ+ cosq

" e! i θ−cos! sinq
ei θ−sin ! sinq

$

%
%
&

|! 10!=





" e! i ! + sin ! sinq
ei ! + cos! sinq

e! i ! −cosq
0



 |! 11!=

!

"
"
#

" e! i ! + cos! sinq
" ei ! + sin ! sinq

0
ei ! ! cosq

$

%
%
&

q = Q 2! p
2 ! ," ,T

! ± =
" ± #

2
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Holonomy All Star

ÒYang-Mills instantonÓ for S4 sector

Mixture of Wilczek-Zee and 

spiral holonomies for S1 sector 

 

 

A! = ! ! Q 2−p
2 ! ," ,T

!
0 ! i sin" I +cos " ! 2

i sin" I +cos " ! 2 0

"

M (C! ) = cos
(2! p)!

2

! i sin
(2! p)!

2

!
sin"

"
0 ! iI
iI 0

#
+cos "

"
0 ! 2

! 2 0

#$
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Summary

Fully gauge invariant formulation of quantum holonomy

All known quantum holonomies under its fold

Potentially useful spiral holonomy legitimized 

Illustrative examples including 4 level-system displaying all 
holonomies mixed together
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